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What is Second Order Information?
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• At the origin, both the value and the first 
derivative of  y = 4x2, y =x2 ,  y =0.1 x2 are 
all the same: 0

• But, the second derivatives give more 
information: 8 , 2, and 0.2 respectively 

Second-order information 
• Refers to information about a function gained by computing its second derivative
• Reveals information about the function’s curvature

• Gradient is zero, but the current point is a 
saddle point, either minima or maxima

Z. Yao, P. Xu, F. Roosta-Khorasani, M. W. Mahoney, Inexact non-convex Newton-type 
methods, Informs Journal On Optimization



Executive Summary
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PyHessian enables fast computation of Hessian information:
• Top-k eigenvalues and their corresponding eigenvectors (Power iteration) 
• Trace (Hutchinson method) 
• Full Spectral Distribution (Stochastic Lanczos algorithm) 

As a use case, we analyzed 
• The effect of BatchNorm (BN)

o Shallow NN without BN has flatter Hessian spectrum
o Removing BN results sharper Hessian spectrum in deep NNs

• The effect of Residual Connection:
o NNs with residual connection always have flatter Hessian specturm

Z Yao, A Gholami, K Keutzer, M Mahoney, Hessian-based Analysis of Large Batch Training and Robustness to Adversaries, NeurIPS’2018
Z Yao, A Gholami, K Keutzer, M Mahoney, PyHessian: Neural Networks Through the Lens of the Hessian, Workshop at ICML’2020



Hessian for DNNs
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Loss: min
w

E =
NX

i=1

l(f(xi;w), yi)
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Gradient:
@E

@w
2 R|W |
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Hessian:
@2E

@w2
2 R|W |⇥|W |

<latexit sha1_base64="+4Rr+MMK1RzsaiA1XHH0Qfn8bXU="></latexit>
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Forming the Hessian is computationally 
infeasible: For ResNet50 with 24M 
parameters, the Hessian is a matrix of size 
24Mx24M (more than 2PB storage).



Hessian-vector Product
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For a lot of applications, the explicit form of Hessian is not needed. The only requirement is the 
Hessian-vector product:

@g
T
v

@w
=

@g
T

@w
v + g

T @v

@w
=

@g
T

@w
v = Hv.
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Top eigenvalue (Power iteration):

vk+1 =
Hvk

kHvkk
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Hessian Trace (Hutchison method)

Trace(H) = Ez⇠{�1,1}[z
T
Hz]
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From Wikipedia

)

<latexit sha1_base64="hvkTOO6/Vimc6f3bof9PFHox9QI=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF49V7Ac0oWy2m3bpZjfsbpQS+je8eFDEq3/Gm//GTZuDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo2WqCG0TyaXqhVhTzgRtG2Y47SWK4jjktBtObnK/+0iVZlI8mGlCgxiPBIsYwcZKvn/PRmODlZJPlUG15tbdOdAq8QpSgwKtQfXLH0qSxlQYwrHWfc9NTJBhZRjhdFbxU00TTCZ4RPuWChxTHWTzm2fozCpDFEllSxg0V39PZDjWehqHtjPGZqyXvVz8z+unJroKMiaS1FBBFouilCMjUR4AGjJFieFTSzBRzN6KyBgrTIyNKQ/BW355lXQu6l6j3rhr1JrXRRxlOIFTOAcPLqEJt9CCNhBI4Ble4c1JnRfn3flYtJacYuYY/sD5/AHMBpGI</latexit>

⇡

<latexit sha1_base64="jlUm0ChRTPngioaTjUQfRqIsjJ4=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVQj0WvXisYD+gXUo2zbah2SQkWbEs/RFePCji1d/jzX9j2u5BWx8MPN6bYWZepDgz1ve/vcLG5tb2TnG3tLd/cHhUPj5pG5lqQltEcqm7ETaUM0FblllOu0pTnEScdqLJ7dzvPFJtmBQPdqpomOCRYDEj2Dqp08dKafk0KFf8qr8AWidBTiqQozkof/WHkqQJFZZwbEwv8JUNM6wtI5zOSv3UUIXJBI9oz1GBE2rCbHHuDF04ZYhiqV0Jixbq74kMJ8ZMk8h1JtiOzao3F//zeqmNr8OMCZVaKshyUZxyZCWa/46GTFNi+dQRTDRztyIyxhoT6xIquRCC1ZfXSfuqGtSqtftapXGTx1GEMziHSwigDg24gya0gMAEnuEV3jzlvXjv3seyteDlM6fwB97nD5Woj70=</latexit>

H Diag(H)
-1

1

1

-1

1

z H

)*+,- H = /[ 12Hz]
s. t. z ∼ Rademacher(0.5)

⊙

-1

1

1

-1

1

z



PyHessian Library
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PyHessian enables:
• Top-k Eigenvalues 
• Hessian Trace 
• Estimated Spectral Distribution

PyHessian: https://github.com/amirgholami/PyHessian

Using 
Numpy

Using 
PyHessian

Relative 
Error

Top 
Eigenvalues 3958.4 3944.5 0.3%

Trace 1001574 1000153 0.1%

ESD (Used for 
Trace ) 1001574 1005225 0.4%

For a 1000 by 1000 matrix, 
we use 20 iterations to compute its Hessian information

https://github.com/amirgholami/PyHessian


BatchNorm in Deep Learning
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• BatchNorm is one of the key ingredients for modern deep NNs

• When and why this popular architectural ingredient helps or hurts training/generalization is still 

largely unsolved
One hypothesis is that BatchNorm can 
help smooth the loss landscape.

S Ioffe, C Szegedy, Batch Normalization: Accelerating Deep Network Training by Reducing Internal Covariate Shift, ICML’2015
Santurkar et al, How Does Batch Normalization Help Optimization? NeurIPS’18



ESD of Shallow/Deep Neural Networks
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Z Yao, A Gholami, K Keutzer, M Mahoney, PyHessian: Neural Networks Through the Lens of the Hessian, Workshop at ICML’2020

• For shallow (left) networks, NN without BatchNorm has flatter Hessian spectrum
• For deep (right) networks, NN with BatchNorm has flatter Hessian spectrum



ESD of Shallow/Deep Neural Networks
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Z Yao, A Gholami, K Keutzer, M Mahoney, PyHessian: Neural Networks Through the Lens of the Hessian, Workshop at ICML’2020

• NNs with residual connection typically have flatter Hessian spectrum.



Usage in other Papers
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PyHessian has been used
• as an analysis tool:

– Yang et al., G-DAUG: Generative Data Augmentation for Commonsense Reasoning, 
arxiv: 2004.11546

• as a second order method tool:
– Yao et al., ADAHESSIAN: An Adaptive Second Order Optimizer for Machine Learning, 

arxiv: 2006.00719



Thank You
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Please contact us if you have any questions:

{zheweiy, amirgh} @ berkeley.edu

Paper link: https://arxiv.org/pdf/1912.07145.pdf

Code link: https://github.com/amirgholami/PyHessian

https://arxiv.org/pdf/1912.07145.pdf
https://github.com/amirgholami/PyHessian

